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A P R O B L E M  tN T H E R M A L - C O N D U C T I V I T Y  T H E O R Y  

N. N .  K u z n e t s o v a  UDC 536.24.02 

A solution of the problem of heat distribution in an infinite lamina is presented.  

Let  an infinite lamina of thickness 2 l ( - l  < x ~ l)  have an initial temperature  u 0. Over the course  of a 
time t 1 it is heated by a constant  thermal  flux of density q, as a result  of which the temperature  of the surfaces  
bounding the lamina becomes equal to u 1. It is required to determine by what taw the thermal flux m u s t  change 
fur ther  in o rder  that the lamina surfaces  be maintained at this temperature  u~. Initially, we find the t empera-  
ture distribution law at the end of heating, i.e., af ter  expiration of time t I. To do this we use the solution of the 
thermal-conduct iv i ty  equation 

Ou O~u 

Ot Ox ~ (1) 

with initial condition 

and boundary conditions 

u (x ,  O) = uo (2) 

Ou (x, i) (3) 
Ox Fx=-t 
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z Ou(x, t) 
]x=t = q" (4) 

This solution is given by the formula [2] 
t 

u l(x, t ) = u  o+-~- - u  ~3 2l , l~ d'q (5) 
0 

where x is the coordinate of the point at which temperature  is measured,  and the theta function d 3 is defined by 

~a (v, x) = 1 + 2 ~  exp (-- ~k2x) cos 2nkv. (6) 
k = l  

We will find the temperature  on the lamina boundary surfaces  (a tx  = - l  and x = l). By means of a Laplace 
t ransform,  we t ransform the integral of Eq. (5) to the following form: 

t 

TJ ~8 2t ' ~ dr V p s h ( t U p )  
0 

- -  V p  e x p ( l V - ~ - - e x p ( - - I V  tJ) _1 I/-P - ,~=, 

1 E e x p { - - I ( 2 n - -  1) / + x] ]/"/3-}. (7) 
+ V p  ,,=1 

From the numerical  calculation formula 

where the integral e r r o r  function is defined by 

ierfc w = i erfc ~d~, 
w 

(S) 

(9) 

we obtain from Eq. (7) 

Thus, 

t 

0 t z = l  

(2n---1)l--x + ierfc (2n-- 1) l + x] 
ierfc 2 ]/T 2 V-t- " (10) 

EI ,2n_1,,_x u i (x, t) = u o + q 2 V-[ ierfc 2 Vt- + ierfc 2 ~ t  (ll) 
t z ~ l  

Equation (11) permits  determinat ion of the time over which heating must be continued to obtain the required 
tempera ture  on the lamina sur faces .  

We have from Eq. (11) 

= -_ u q E [  ,erfc ] u 1 ( - l ,  t) ul(l, t) u l =  o,+-~-2V't- ierfc ~-~ q- nl 

n = l  

q [ ------ uo + ~ 2 V't- ierfc 0 + nt -~q~! V-[ 2 ierfc 0 2 E i e r f c ~  ] = uo+ 
t 2= l  

02) 
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Using an a s y m p t o t i c  expans ion  of the e r r o r  funct ion nl/~(t f o r  l a rge  w = nl/4t 

f r o m  Eq.  (12)we obtain  

erfcw 
2 e x p ( - - w  2) 

1/~- 2w 

u x ( - -  l, l) = u 1 (l, t) ~ u o + -q-q 2 ierfc 0 V { .  

Consequen t ly ,  the d e s i r e d  t ime  is g iven  by the f o r m u l a  

2q ierfc 0 

(13) 

(la) 

(15) 

w h e r e  [5] 2 ie r fc  0= 1.1284. 

In o r d e r  to find the law f o r  t h e r m a l  flux change n e c e s s a r y  fo r  m a i n t e n a n c e  of the cons t an t  t e m p e r a t u r e  u~ 
on the l a m i n a  s u r f a c e  (at x = - l  and x = l), we c o n s i d e r  an addi t ional  p r o b l e m .  We find the so lu t ion  of t h e r -  
m a l - c o n d u c t i v i t y  Eq.  (1) s a t i s f y i n g  the in i t ia l  condi t ion (see [11]) 

X [  ( 2 n - - 1 ) l - - x  ( 2 n - - 1 ) / + x ]  u(x, 0) = Kl(x) = U o +  q 21 / t  T ierfc 4- ierfc (16) 

n = l  

and bounda ry  condi t ions  

u(--l, t)=u(/, t)=u~, (17) 

w h e r e  t 1 is d e t e r m i n e d  by Eq.  (15) and t is the t ime  pa s sed  s ince  the end of hea t ing .  As is wel l  known [2], such  
a so lu t ion  is g iven  by the f o r m u l a  

l ' -  'i[ ( ) ( )1 
1 ( 002 2l ' l ~ x - - ~  t x ~ ~, t 

u(x,  t) = u~ T Ox d~ + ~ 02 2l ' t ~ + ~2 =- . , 21 l ~" K1 (~) d~, 
0 0 

w h e r e  the the ta  funct ion d2 is def ined by 

t~ 2 (v, x) = 2 exp [ - -  n 2 k + x] cos [n (2k -~- 1) v]. 

k = 0  

With the aid of o p e r a t i o n a l  ca lcu la t ion  the f i r s t  i n t eg ra l  of Eq.  (18) m a y  be reduced  to the f o r m  [3] 

t 

1 f 0 ( l - - x  ~)  l 1 .  Ipch(xl/~-p) 
"~T.  ~ % 21 ' 1: d ~ - - . , - 7 ,  p ch(tVp) 

0 

"-=-ux{l+~4 ~ r ~  ~ -l~)k] e x p f - - t ( k - - ~ ) 2  I ~'~]e~ ~ }" 
k = l  

(18) 

(19) 

(20) 

Knowing t e m p e r a t u r e  d i s t r i b u t i o n  (18), 

D i f f e r en t i a t i ng  Eq.  (18) with r e s p e c t  to 

we obta in  

we can  find the hea t  flux on the l amina  s u r f a c e s  f r o m  the f o r m u l a  

q (t) = - -  ~ Ou ox(X' t) i!x=_zF = ~ _Ou ox(X' t) x=/ 

x and c o n s i d e r i n g  Eq.  (20) and the r e l a t i onsh ip s  

Ox ' ' 

o e {x+~ t 3\  ~ 12) = ~ e [ x + ~  ~) 
�9 ~ "k 2 1 '  ' 

(21) 

l 

ox l 2-7' - - ~  8 ,  g ,  l~ - ~2 . = - -  2l [2 K1 (~) dE, 
0 

(22) 
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where the theta function di is defined by 

~1 (v, x) = 2 

Integrating by par t s ,  we obtain 

- -  1 2 

( - - 1 ) k e x p [ - - a 2 ( k + - 2  -)  x ] s i n r l ( 2 k + l ) v .  

Ou(~, t) = ~ ~ ,  2[ ~ t ~ 
Ox - -  -2-I" - -  0., , 

l 

0 

Consider ing the per iodic i ty  of the theta function ~2(v + 1, x) = -J2(v,  x) and the fact that Kl(l) = ul, we find 
l 

Ou(x,t) u, _ [ x  t )  ul ( x + l  t )  1S[~. (x-- ~ ; ') ( X ~ ,  /,)] 
Ox - -  7-#1~-2i' -l ~- §  ~ ' l '  + 21 2 . . . .  2l ' . e~ ~ t Ki(g )dg. 

0 

Differentiat ing Eq. (16), we find 

q ~ [ e f f c  (2n Ki (x) = T 
n = l  

1) 1 - -  x _ eric ( 2 n -  1) 1 § x] 
2 I./[[ 2 [/t-, J = F + - -  

(--I)  k / k2n2tl~ . k~x] 
- ~ -  exp [-- L--T-/s'n ~-  j 

Weuse  the formula 

(23) 

(24) 

(25) 

(2G) 

d ( i "  w) = - -  w. e r f c  /,,-1 eric 

tn view of Eqs.  (21), (25), (26) and considering the equation 

02(v, x ) = ~ , ( 4 - - v ,  x 1, ~ ( v + l , x )  . . . .  ~,(v ,  x), 

~2(v+l ,  x)=--t%(v, x), 

we obtain 

l ! 

' I f  ') l q ( t ) = k ~ .  ~2 2 ~ - '  l 2 --~2 2l , 12 7 ~2 ~ , 12 K;(~)d~,  
0 0 

where K{(x) is de termined from Eq. (26). In per forming  prac t ica l  calculations one may l imit  the examination 
to the f i rs t  t e rms  of the s e r i e s  in Eq. (26). 
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