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A PROBLEM IN THERMAL-CONDUCTIVITY THEORY

N. N. Kuznetsova UDC 536.24.02

A solution of the problem of heat distribution in an infinite lamina is presented.

Let an infinite lamina of thickness 2I(~! = x = I) have an initial temperature uy. Over the course of a
time t; it is heated by a constant thermal flux of density q, as a result of which the temperature of the surfaces
bounding the lamina becomes equal to u;. It is required to determine by what law the thermal flux must change
further in order that the lamina surfaces be maintained at this temperature uy. Initially, we find the tempera-~
ture distribution law at the end of heating, i.e., after expiration of time t;. To do this we use the solution of the
thermal-conductivity equation

ou _ o
ot ox? )
with initial condition
ulx, 0) =1u, @)
and boundary conditions
ou(x, )| @)
—_ ;\, ax Lz_l = q,
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du(x, 1)
7 — 4
A o L=l_q. 4)

This solution is given by the formula [2]

u, (%, t)=u0+—{—]— . %j‘ﬁs(%f, llz) dr, )
v
where x is the coordinate of the point at which temperature is measured, and the theta function ¢, is defined by
B (v, x) =1+ 2§lexp (— m2kEx) cos 2mko. 6)
We will find the temperature on the lamina boundary surfaces (at x =—17 and x = [). By means of a Laplace

transform, we transform the integral of Eq. (5) to the following form:

t

L"ﬁ(l——x LAY ch(xVp)
zoj ? )

oa "B} TYashiVp)
» 7Yy L — ) 1 = _
_ 1_|'exp(xVP_ ) +exp( xV__p)] == Eexp{—[(Qn—l)l——x]V 7)
Vol ep@Vo—ep—1Vp) | Vo e
1 s p—
+ L Wep(—1@n— 14+ aV5). ™
Ve smd
From the numerical calculation formula
1 . — . - a
——— exp(— =2V ¢ jerf ( = ) ,
Vo exp(—aV p)=2V tieric % (8)
where the integral error function is defined by
jerfcw = \ erfc &g, 9)
.4
we obtain from Eq. (7)
t N . oo
1 l—x T — . 2n-—1)I—x . 2n—1NIl+x
———l— j‘ ﬂs(——z-l— , —l;) dv = 2Vt 2{: jeric QVt_ + ierfc 21/{_ . (10)
o n=I1
Thus,
N g 0 r N[ cop, @=Di—x . (2n~—1)£+x}_
ui(x, H=u, -{~—7b 2Vt E[ ierfe v Vi + ierfc VT (11)

n=1

Equation (11) permits determination of the time over which heating must be continued to obtain the required
temperature on the lamina surfaces.

We have from Eq. (11}

o

— . (n—0p1 . nl
u(—L H=u(, H=u=u, —‘i— 24F E[ ierfc v + 1erfc17t_]

n=l1

=, + %2V¢“lierfe0+ 22ierfc :’lt_ } = uo—}——z'Vfﬁérch
=1

g -V A W S N 12)
+47Vf2[ _exp( ; Vi erth_

Vo
1

n

i
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Using an asymptotic expansion of the error function niAt for large w = niAt

—_ 2
erfew ~ 0 SR , 13)
7 2w
from Eq. (12) we obtain
w(—1, 8) =u, ({, i)zuOJ,—»% 2ieric0 V7. 14)
Consequently, the desired time is given by the formula
(w —u) A 1°
tx )
! [ 2g ieric 0 (15)

where [5] 2ierfc 0= 1.1284.

In order to find the law for thermal flux change necessary for maintenance of the constant temperature u,
on the lamina surface (at x = —7 and x = [), we consider an additional problem. We find the solution of ther-
mal-conductivity Eq. (1) satisfying the initial condition (see [11})

g . @n—Nil—x | . . @n—1)l+x
u(x, 0y =K (x) =u,+-—>— 9V} [1erfc—%—_——+1erfc—~—:—- 16)
! o Vlz 2V, 2V, (

n=1
and boundary conditions
u(—1, ) =ull, ) =u, 17

where t, is determined by Eq. (15) and t is the time passed since the end of heating. As is well known [2], such

a solution is given by the formula
\)

1 ’0ﬁ2(l—'x, _E_) 1 { P g / e y
9 2 —_ X & e .
s = | B e (o (55 )0 (50 7 ) [oos a8)
o § :
where the theta function &, is defined by
= ) v
B, (v, x) =2 E exp| — a? f\k L —;;) x}cos [n(2k -+ 1) vl (19}

k=0

With the aid of operational calculation the first integral of Eq. (18) may be reduced to the form [3]

t —
100 l—x T\, 11 Ipch(xVp)
ulT‘ 5;5 5 ) - 1

a e I p ch ({1 V'p)
8

B 4R (=1 1\? n2]  mx(2k—1)

k=1

Knowing temperature distribution (18), we can find the heat flux on the lamina surfaces from the formula

. Ou(x, )| Ou (x, 1)
f)=—A—7 = p
q( ) Ox Iix::—l Ox x=1 (21)
Diffe rentiating Eq. (18) with respect to x and considering Eq. (20) and the relationships
iﬂz(x—g’i Zw_aﬁz x“"*—_g,t— ,
Ox a2 ot 2 B
iﬁz(x—l—iyi_):iﬂz x—l—E, i)’
ox a2 3 b
we obtain
1 ¢ a ( g ¢
ou(x, ) uy x X — ) x4+t
——:—‘ﬂ ——y T | — —- 'ﬁ' Ty T — B, Ty &
ox T YA or Joel *\a’ne 2( 2 ', )}Kl(ﬁ)ds, (22)
9
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where the theta function ¢, is defined by

By (0, x) =2 (— exp[—n? (k E ——;-)Qx] sin n (2% + 1) v. (23)

k=0

dulx, 1) zﬁﬁl(i, f_)_i 9, (ec—g,i
ox l 2 B 21 2l 2
!
x+E& ¢ =i 1 x—& x+4& .
_’ﬁ‘ Ty T T K £ T ﬁ Ty LT '—'&. Y —— .
( ! l)] O+ [ ( - 12) (3 _lz)]fq(g)dg (24)
1] v
Considering the periodicity of the theta function &, (v + 1, x) = —d,(v, x) and the fact that K (1) = uy, we {find
I

oulx, ) _ (1 f_)_ Uy (_in! L) I {Ts (x_—_ﬁ LY g (2R Nk :
L0 e ) e +215 (5 #) 1‘}2( =5, lz)]K,(&)dE. (25)

) 0

Integrating by parts, we obtain

Diffe rentiating Eq. (16), we find

, \ 9 1)l —x on— 1)1 . 2 V(1) Rt .k
K] (x):%v—{erfcg———-)m {—erfcﬁf—-—)——l—f] =.—:[—;——|—;E(T) exp(—— i—‘) sm—“f]. 26)
k—1

Lad 2V, 211, 2 l

n=1

Weuse the formula
d . —
— ({"erfc w)=—i""erlc w.
dw

In view of Eqgs. (21}, (25), (26) and considering the equation

&, (v, 1) =0, (—;:—v, x), G v+ 1, x)-=—108,(v, x),

Yo+ 1, x) =—8(, x),

we obtain

! i
1 x—& tO x4+8 1 ) . AL x+E ,
=2t (e, (2=2, L) 0, (255 LV K @de-- 2 { o, (25, —-) dt,
70 Qz,g[z( o1 z=) *( o )| e 15 2( T A
1] 0
where K|{x) is determined from Eq. (26). In performing practical calculations one may limit the examination
to the first terms of the series in Eq. (26).
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